Arguments are presented against the existence of mathematical singularities in the physical universe. Energy levels are calculated for neutrinos in the gravitational potential wells of black holes of sizes ranging from one hundred to one hundred million solar masses, with up to ~10 60 energy levels available below the event horizon and with the capacity to hold two identical fermion neutrinos, with opposite spin vectors, in each energy level. Because of the very high abundance of neutrinos in the universe, it is suggested that the gravitational wells of the larger black holes are likely to be full of neutrinos up to and beyond their event horizons. This might provide a means of extracting information from inside the event horizon of a large black hole with an advanced neutrino telescope. Keywords: Mathematical singularities and the Heisenberg uncertainty principle, Black Hole cores, gravitational potential wells, neutrinos and the Pauli principle, information extraction from a Black Hole
Introduction
Outstanding problems in connection with black holes and gravitation include the mathematical singularity that classical gravitation theory predicts to exist at the center of a black hole, the inability of an observer outside the event horizon of a black hole to discover what is happening inside, the mysterious information loss from behind an event horizon when a black hole dissolves into Hawking radiation, the nature of the dark matter that is a major constituent of the universe, and the form of the interface between quantum mechanics and Einstein's theory of gravitation. Clearly not all of these problems can be solved at once. The purpose of this note is to point out that clues showing the way to plausible solutions exist for several of these problems, and neutrinos are involved in most of them.
A first clue is provided by the conclusion (Dolgov, 2008) that neutrinos, with an abundance of several hundred per cubic centimeter, are the second most numerous particles in the universe, the most numerous being photons of the background microwave radiation. A second clue is the experimental observation (Bilenky, 2011) that neutrinos have a non-zero rest mass, which permits them to travel at a speed that is much less than the speed of light. Like everything else, neutrinos can be captured by black holes, for which process they would seem to be ideal test particles. At present not much can be made of the observation that neutrinos have sufficient internal structure to allow them to exist in at least three different flavors (Halzen, 2013) , but no doubt time will tell. A more helpful clue is provided by the well-known text-book calculation of effective potentials for light test particles in the vicinity of a black hole (Misner, Thorne, & Wheeler, 1973, p. 659) , and another by the fact that most, or possibly all, neutrinos are fermions (Dolgov, 2008) , which can occupy a range of energy levels in the effective potentials, each level holding at most two neutrinos with opposite spins in accordance with the Pauli exclusion principle. Here we consider only fermion neutrinos, and we do not discuss the complications that could arise from the possibility of transitions between different flavors (Medvedev, 2012) . One more clue is provided by the circumstance that the effective potentials are approximately of the form V(r) = A/r + O(1/r 2 ), where A is a known constant and the calculation of energy levels for this kind of system is another well-known text-book example.
On Singularities
The basis of the present argument against the existence of mathematical singularities in the physical universe is the assertion that the small-scale properties of the universe are entirely determined by quantum mechanics. Therefore in the event of a disagreement between quantum mechanics and a classical theory such as general relativity, concerning a small-scale phenomenon like a singularity, quantum mechanics must prevail.
The singularities at r=0 in black hole solutions of Einstein's general relativity equations would be a serious problem if the solutions did actually apply at r=0, because they would contradict the extremely well-tested www.ccsenet.org/apr Applied Physics Research Vol. 7, No. 1; 2015 Heisenberg uncertainty principle, which states that the product of the statistical uncertainties in the values of a pair of measurable quantities, such as position and momentum, or energy and time, whose quantum-mechanical operators do not commute, must be greater than a definite small multiple of Planck's constant. Therefore a mathematical singularity in one member of a pair, in this case position, necessarily implies an infinite value for the variability of the other, namely momentum. That is not acceptable, because there is not enough space-time inside the event horizon of a black hole, nor even in a finite physical universe, to accommodate an infinitely variable momentum. This argument holds unless the universe is actually infinite, which does not seem to be the case, or unless pairs of measurable quantities like position and momentum, or mass-energy and time, lose their identity inside a black hole, for which there is no evidence. Hence a mathematical derivation that leads to a conclusion which violates the Heisenberg principle must be based on one or more incorrect assumptions.
In addition to this theoretical prohibition of mathematical singularities in the physical universe, astronomical observations (R. Schödel et al., 2002) have shown for the black hole Saggitarius A*, located near the center of our galaxy, that a major fraction of the mass-energy of the presumed product of gravitational collapse remains invisible behind the event horizon after the collapse, and can be detected by its effect on the motion of nearby stars. Therefore it has not obeyed the mathematics by disappearing into a singularity, which implies that there is no singularity to disappear into.
According to some accounts, the passage of an object through a black hole event horizon, on the way to being crushed to nothing in the central singularity, occurs infinitely slowly from the viewpoint of an external observer, which is equivalent to saying that it never occurs within the lifetime of the external universe in which we live. This author takes the simpler position that there are no mathematical singularities in the physical universe because that would violate the Heisenberg principle.
It therefore follows that the residue of a massive, gravitationally-collapsed object must consist of a spheroidal lump or core of ultra-dense matter. The physics and chemistry of the ultra-dense matter are at present unknown but are not necessarily unknowable and should be very interesting. The various space-time metrics with a singularity at r=0 do apply in a near-vacuum, but evidently they do not apply inside a lump of ultra-dense matter, and we shall assume that their range of application commences at the value of r that corresponds to the surface of the spheroidal core.
Model Calculations
We begin with the effective potential V(r) for a neutrino in the region outside the event horizon of a Schwartzschild non-rotating black hole. This is given implicitly by
where m is the reduced mass of the neutrino-black hole system, which is effectively the mass of the neutrino, M is the mass of the black hole core, and L is the angular momentum of the neutrino as it approaches the black hole (Misner, Thorne, & Wheeler, 1973) . Note that V(r) is expressed in the 'geometric' units of metres, where 1 metre = 1.210 x 10 41 kilojoules, and M/r is dimensionless. For a particle crossing the event horizon where r=2M in the Schwartzschild metric, the r coordinate changes its nature from spacelike to timelike, and Equation (1) passes through a coordinate singularity that can be eliminated by transforming to Eddington-Finkelstein coordinates, with a new time coordinate, or to Kruskal-Szekeres coordinates, with a z-w plane in place of the r-t plane of the Schwartzschild system. The present model calculations do not distinguish between time and space coordinates, the symbol r being employed merely for convenience, and we could equally well use s or τ. Equation (1) continues to hold inside the Schwartzschild event horizon, but the physical natures of V(r) and r change.
We calculate the total mass-energy V(r) of the neutrino approaching the black hole as the square root of the absolute value of the right-hand side of Equation (1), for r values that can be regarded as a parameterization of proper time τ values for a neutrino that is gravitating towards the core. Eventually a fermion neutrino has to stop because there are no unoccupied energy levels available at lower mass-energy. The mass-energy of the neutrino then has a quite well-defined value given by V(r), and the time coordinate has a corresponding large Heisenberg uncertainty. By this process, a quasi-equilibrium distribution of neutrinos over the mass-energy levels in the potential well can develop over some astronomical period of time.
Figures. 1a-d show plots of the effective potential V(r) given by Equation (1) versus 1/r for a neutrino inside the event horizons of some representative black holes. These plots are not perfectly linear, but the deviation from linearity is probably small enough to be regarded as a perturbation. For Figs. 1b to 1d the curvature would make the energy levels crowd together slightly at higher energy. An important difference between the systems black-hole-plus-neutrinos and positive-nucleus-plus-electrons is that neutrinos carry no electric charge, so they repel one another only via the short-range Fermi hole that does not permit the close approach of a pair of identical fermion neutrinos unless they have opposite spins. Hence the wave function for a neutrino in a multi-neutrino system with spherical symmetry is almost independent of the number of neutrinos in the system, and consists essentially of a spherical harmonic Y lm (θ,φ) multiplied by a radial function based on an associated Laguerre polynomial in the variable r, together with a normalizing factor N nlm where n is the principal quantum number. The resulting energy levels of a neutrino near a black hole are analogous to the electronic energy levels of a hydrogen atom, which are given by
Here μ, the reduced mass of the system electron + nucleus, is practically the same as the mass of the electron, a 0 is
, where ε is the charge on the electron, and the principal quantum number n ranges from 1 to infinity. The energy levels for a given value of n are degenerate, apart from small effects such as Lamb shifts, the number of available levels at a particular value of n being n 2 , and each level can hold at most two identical fermions with opposite spins.
Equation (2) 
The energy levels given by Equation (5) are incorrect for a relativistic system because they converge to zero as n goes to infinity, whereas a proper relativistic treatment would show them converging to the rest mass-energy of the test particle, as in the following expression for the relativistic energy levels of a hydrogen-like atom
where α 2 mc 2 /2 =ε 2 /8π 2 a 0 and Z is the charge on the nucleus (Sakurai, 1967) . However, the mass-energy of a slow neutrino, ca. 0.2 eV (King and Luhn, 2013) , which can be compared with 0.5 MeV for an electron, is so small in comparison with the energies associated with the potential well of Equation (4) that for our present purpose, which is to obtain qualitative insight rather than precise numbers, the approximation of ignoring the rest-mass is tolerable. The convergence of E n towards the neutrino's rest mass occurs for energy levels that are above the event horizon of the black hole, so the number of available fermion states in the potential well at levels up to and including the event horizon must be large but finite. Above the event horizon the levels merge into a quasi-continuum in which the neutrinos are only weakly bound to the core. An incidental consequence of the neutrino's tiny mass is that the possibility that the arrival of slow neutrinos will excite quasi-normal modes of vibration of the black hole (Cho, 2003) can generally be ignored.
The density assumed for the ultra-dense matter of which the black hole core is composed has an effect on the results of model calculations because it controls the core radius, which is the minimum radius at which Equation (1) applies. A typical density for a neutron star (Tru mper, 2011) is about 3 x 10 15 kg/m 3 , but that is unlikely to represent the upper limit for a black hole core. The present calculations arbitrarily assume that the density increases in proportion to the mass of the core to the power 0.15, beginning at a density of about 10 16 kg/m 3 for a core mass equal to thirty solar masses. A more likely scenario would have the density increase discontinuously with increasing mass of the core, in steps of unknown size, in accordance with an unknown ultra-high-pressure phase diagram (Weber, 2005) . Fortunately the results of the calculations are not very sensitive to the core radius.
A question that arises naturally with this simple model is that the effective potential of Equation (1) was intended for describing the motion of macroscopic test particles in the gravitational field of a body such as the sun, whereas a neutrino weighs much less than an electron, so surely its motion should be described by the Dirac equation? The short answer is that the Dirac theory of fermions is not a single-particle theory, but rather deals with a multi-component Dirac field that operates on state vectors in occupation-number space through the agency of creation and annihilation operators (Sakurai, 1967) . This formalism is entirely compatible with the present model, which considers the occupation by neutrinos of the available energy levels inside the gravitational potential well of a black hole.
A more serious problem is that Equation (1) is probably not an accurate description of the world inside the event horizon. To quote J.J. Sakurai (1967) , "In relativistic field theory we visualize the interactions as arising from the exchange of quanta." Thus the concept of a potential plays little or no part in most calculations for relativistic fields. Nevertheless the topology of the black hole plus neutrino system dictates that there must be a mass-energy
V(r), V(s) or V(τ) that varies with the proper time τ associated with the trajectory of an incoming neutrino, and V(τ)
must resemble the 1/r potential that is used as an approximation to Equation (1), in that it decreases monotonically between the event horizon and the black hole core, and can be approximated by a near-linear plot of mass-energy versus 1/r. That is all we ask of it at present.
Another problem with the present model is that we are assuming that the distribution of neutrinos over energy levels is essentially static, despite the likelihood that the neutrinos in the lowest levels will always be in the process of being incorporated into the core of the black hole. For a small, newly-formed black hole the rate of assimilation of neutrinos from the background population, which is about 300 particles per cubic centimeter (Dolgov, 2008) , would probably not be sufficient to maintain a high proportion of filled energy levels inside the event horizon. However, as the results in Table 1 show, the ratio of the area of the event horizon to the surface area of the solid core increases very rapidly with black-hole mass, so that a quasi-equilibrium distribution of neutrinos over energy levels inside the event horizon almost certainly exists for a super-massive black hole such as Saggitarius A* (~10 Calculations which vary L om , the product of the impact parameter b value and the neutrino velocity v particle , over a large range lead to the conclusion that the effect of the neutrino's angular momentum on the potential is very small for a massive black hole. In the table, V well is the depth of the gravitational potential well; r core is the radius of the solid core of the black hole; N levels is the number of energy levels below the event horizon, the sums of the degeneracies n 2 being calculated by the finite-difference method (for comparison, the number of 'background' neutrinos inside the volume of the event horizon of the largest black hole in the table is of the order of 10 23 ); f well is the fraction of the potential well that is above the event horizon; A ratio is the area of the spherical event horizon divided by the surface area of the spheroidal core. The depths of the potential wells and the numbers of energy levels that they contain below the event horizon are very large, but not unreasonably so in view of the astronomical time and distance scales that are involved.
A large A ratio value implies that neutrinos can be gathered into the event horizon at a much faster rate than they can be absorbed into the core, so that a quasi-equilibrium distribution can develop. The increase in A ratio with increasing m core is so dramatic that one cannot escape the conclusion that large black holes must inevitably become filled with neutrinos to a level above the event horizon. The prediction that the number of energy levels inside the well actually decreases with increasing mass of the black hole core is an unanticipated consequence of the increase in the spacing of energy levels with increasing mass. However, this prediction is quite sensitive to the assumed dependence of core density on mass, which used the arbitrary formula Whether or not the prediction is correct, it is clear that the number of available levels does not increase rapidly with the core mass, which implies that a large and growing black hole should emit a steady flow of neutrinos. A listing of the computer program with instructions for running these calculations is available on request from the author.
Analogous calculations could be made for a Kerr black hole. One of the interesting characteristics of an extreme Kerr black hole is the phenomenon of frame-dragging, such that a test particle or an observer finds itself in a local frame that is spinning very rapidly relative to the external universe. From the point of view of an observer within the spinning frame it would appear to be the universe that was spinning so that, at least as a first guess, such an observer might expect Equation (1) and deductions from it to continue to be valid for quantities measured relative to the local frame.
Conclusions
The existence of a mathematical singularity at the center of a black hole is ruled out by the Heisenberg uncertainty principle and, albeit less decisively, by the astronomical observations of the Saggitarius A* black hole. The nature of the interface between quantum mechanics and classical gravitation theory evidently is such that a classical theory like General Relativity cannot be expected to work properly on the scale at which the Heisenberg principle is important. Dyson (2013) has shown that a quantum theory of gravitation based on gravitons is probably not viable because gravitons are almost certainly undetectable, but a definite conclusion depends on work that is still in progress. The present paper might be regarded as representing a small extension of the domain of quantum mechanics into the field of gravitation and cosmology. The problem of how an outside observer can obtain information from inside a black hole and the related information-loss problem are solved in principle if we assume that the older black holes in the universe have had time to capture sufficient neutrinos to fill their energy levels to a point above the event horizon, so that someone from an advanced civilization might use a neutrino telescope (Margiotta et al., 2014) to interrogate the neutrinos in the upper levels for information about what is happening in www.ccsenet.org/apr Applied Physics Research Vol. 7, No. 1; 2015 the interior, the Pauli principle providing the necessary link between energy levels inside and outside the event horizon. This implies, in effect, that 'hair' on a black hole exists and is composed of neutrinos, and that a black hole that is in the process of disappearing by emission of Hawking radiation is liable to be a very hairy specimen indeed. Because the number of available energy levels below the event horizon either decreases or at most increases only slowly with increasing core mass (depending on the method of calculating ρ core ), an actively growing massive black hole should emit a steady flux of neutrinos. Regarding the problem of dark matter, the smallness of the neutrino rest mass would appear to rule out clouds of slow neutrinos as candidates for the invisible glue that holds galaxies together. Thus one might argue that the neutrino family needs to be extended to include bosonic or fermionic WIMPs (Gould, 1992) . However, other conclusions are possible (Parkhomov, 2010) , and the present situation is quite fluid.
